Editorial Note: The original version of the paper is usually cited as: Yu.N. Rabotnov, Equilibrium of an elastic medium with after-effect (in Russian).
1.
For describing physical processes accompanied by after-effect, Volterra [1] suggested to use the theory of linear integral equations with a variable upper limit.
As an example, let us consider the linear relationship between the stress and strain in an elastic solid σ = Eε. If ε is a time-dependent function, then the above equation defines uniquely the value σ for the given point in time. But it is possible to assume that the stresses at the moment t are governed not only by the strain at the given moment, but by the entire pre-history of the deformation.
According to Volterra, the relationship between σ and ε is supposed to be the following:
(1.1)
We shall name the function K(t − τ ) as a kernel of relaxation. The circumstance that the relaxation kernel depends on the difference t − τ , as it was proved by Volterra, results from the condition of invariance of the value σ with respect to the zero-time reference.
Putting the low limit of the integral in Eq. (1.1) equal to −∞, we take into account the whole history of the body from t = −∞, what is physically inconsistent. The real history starts from a certain moment.
If the material processing technology ensures its receipt in such a state that any deformations in it do not occur without the application of external forces, than we say that the material is in its initial state and its history starts from the moment of application of the first load. This time moment will be assumed as the zero-time reference, and the low limit in (1.1) is set to be equal to zero instead of −∞. Equation (1.1) could be considered as an integral equation in the function ε(t). Its resolving yields
The function Γ(t − τ ) is named as the after-effect kernel [Translator's remark: the term after-effect widely used by Rabotnov in this paper was adopted in Russia in the 50th, what corresponds to the modern terms retardation, or creep, which were also used by Rabotnov in his books]. As it is known, the after-effect kernel is expressed in terms of the Neuman series
The transition from the after-effect kernels to the relaxation kernels could be carried out formally by applying the Volterra symbolic method. Let us write equation (1.1) in the following form:
where K * is the abbreviated denotation for the integral operator:
Thus, the conventional notation of Hooke's law is formally retained, only the multiplication by an elastic constant has been substituted by an elastic operatorĒ. From hereafter, letters with an overbar will denote operators involving two parts, namely: multiplier and integral operator. The latter will be marked by an asterisk.
We assume that the product of two operators L * and M * is a new operator, the kernel of which is as follows:
In this formula, the symbol of the operator in the right brackets denotes the operator kernel considered as a function of t − τ . The symbols L and M without asterisks have the same meaning.
If the kernels depend on the difference of arguments, then, as it has been shown by Volterra, the operation of multiplication is commutative.
Let us resolve equation (1.3) formally in terms of ε:
Here 1/(1− χK * ) is a new operator. Let us expand it formally into a series, considering the involution of an operator in the sense defined by formula (1.4):
what coincides with formula (1.2). Substituting the elastic constants in the equations of the elasticity theory by operators, we obtain the Volterra hereditary elasticity equations. We will write the relationships referred to Hooke's law in the following form: 6) where λ and μ are the conventional Lame constants, Δ * and M * are integral operators, the kernels of which are to be found from experiments. The time-operations of multiplication byλ andμ and the space-operations of differentiation and integrations in terms of coordinates could be permuted, that is why any problem of the hereditary elasticity should be solved in the same way as a problem of the elasticity theory, and only in the final result it is needed to substitute the elastic constants by elastic operators.
We will name this principle as the Volterra principle, according to which all results independent of elastic constants are valid in the case of after-effect as well. Thus, for example, the plane stressed state under given boundary conditions is remained unchanged with the time. This follows immediately from the Levy theorem.
The above formulated Volterra principle allows one to solve any problem of hereditary elasticity, if it is known its solution in the framework of the classical theory. The main difficulty is in determining the operator written formally as a result of some algebraic manipulations over the operatorsλ andμ.
Instead of the operatorsλ andμ, it is convenient to use the operators E andν corresponding to the Young modulus and Poisson's ratio. They are expressed in terms ofλ andμ by means of conventional formulas.
The introduction of two independent kernels into the equation of Hooke's law produces a wide variety of possibilities for choosing their analytical forms. It is naturally to restrict this freedom by certain rational conditions. The available experimental data allow to confirm with a high degree of probability that the bulk deformation is elastic and the bulk after-effect is absent. Let us assume that the operator of the bulk compression is time-independent:
1 − 2ν
whence it follows thatν
Here K * has the same meaning as in (1.1), wherein χ = 1. Some authors [2] , [9] supposed the exponential functions as kernels. Let, for example,
If a load acting on a body is constant, then this operator is multiplied by a constant during the solution of problems. The productsĒ · 1 andν · 1 tend, respectively, to the values
ifν is defined by equality (1.7). Thus, the state of the body, the features of which are described by the operator (1.8), tends asymptotically to the stationary elastic state corresponding to the elastic constants E and ν .
Let us consider some examples of application of the Volterra principle in a general form without specifying the type of kernels.
1.1. Flexure and torsion. From the Saint-Venant theory it follows that the distribution of normal stresses under flexure, as is the case with the tangent stresses under torsion, remains the same as in the classical theory. The tangent stresses under flexure change their distribution with time, since it depends on the elastic operatorν. By the way, let us note a mistake by Gogoladze [2] , who assumed that during a flexure the deformation in a transverse direction is equal to νy/ρ, where ν is a constant. It is easy to see that in this case normal stresses appear on the sections parallel to an axis.
The knowledge of the operatorĒ allows one to calculate the deflection of a beam in any case when the flexure problem has been solved in the ordinary statement.
1.2. Temperature problems. Assuming
we find that the Volterra principle could be utilized in these problems as well. In many cases, the solution of a thermoelastic problem depends on the product of the elastic constant with the temperature T , in so doing in other places elastic constants do not occur. Thus, the formulas presented by Timoshenko [3, page 158] for the stresses in cylinder panels involve the product ET /(1 − ν). Assume that
Here T is a certain 'reduced temperature', the time-dependence of which is known. A hereditary thermoelastic problem could be solved by formulas of the conventional theory after the substitution of the temperature T with T . Problems of such a type, of course, are considered as quasi-static, i.e., ignoring the forces of inertia.
1.3. Equilibrium of an elastic sphere. An example, when elastic operators enter into the result in a more complex form and the application of the Volterra principle results in the necessity of the construction of a new transcendental function, belongs to Volterra [1] . Let us consider the more simple case when displacements are preassigned on the surface of a sphere. The corresponding elastic problem is reduced to the determination of three harmonic functions ϕ 1 , ϕ 2 , and ϕ 3 in terms of the given values on the surface,
where A and β are elastic constants, [4] . With due account of the after-effect, A and β go over to the elastic operatorsĀ andβ, respectively. Assume that
From (1.9), we obtain integral relationships solving the problem:
(1.10)
2.
The main difficulty in the hereditary theory of elasticity lies in practical transformation of operators which are written very easily in a symbolic form. Almost all authors dealing with application of the heredity theory have chosen as the kernels of their operators either simple exponential functions or sums of a finite number of such functions. The resolvent of an exponential kernel will be always an exponential kernel, and therefore during calculation of all possible elastic operators we are not going beyond the class of exponential kernels (excluding some special cases).
It is also known that an integral equation with exponential kernel is reduced to a linear equation with constant coefficients, and the hereditary theory in this case is interpreted as the theory of viscoelasticity, or of elastically relaxed body.
From the other hand, it is necessary to recognize that the treatment of experimental data with the help of exponential kernels results in an unsatisfactory result. The retardation and relaxation kernels determined experimentally possess a singularity at t − τ = 0. Thus, Duffing [5] making experiments with belts found that
(α = 4/5). Bronsky [6] processed experiments with rubber by means of kernels
The resolvent of the Bronsky kernel has not been found, and the practical application of these kernels for calculations is thus difficult.
We succeeded in constructing a class of functions which could be named as exponential functions of a fractional order. If one uses these functions as kernels, it has has happened that the construction of a resolvent and the calculation of any intricate operator, which could appear in the theory of hereditary elasticity, leads to kernels expressed in terms of the functions of the same class, according to rather simple rules. Possessing the same singularity as the Bronsky kernels do, and involving Duffing kernels as a particular case, they allow to describe rather adequately real retardation processes.
We will start from the Abel operator of the order of α:
A multiplication of two Abel operators of different orders results in Euler integrals and allows one to formulate the theorem of multiplication
(2.2) Whence, in particular, it follows that J * n α = J * nα+n−1 . Let us define an operator * α (β) by the following relationship:
In other words, * α (β) is the resolvent of the kernel J α , i.e., *
The corresponding kernel is
The convergence of the series (2.5) at any values of the argument is evident.
From (2.3) it follows
Let us now prove the main theorem of multiplication of -operators:
Putting x < y for definiteness, we write *
Summing up along the columns, we obtain after some calculations relationship (2.7). The case when x = y is an exception. The operator * 2 α (x) = ∂ * α ∂x has a kernel in the form of a new transcendental function, the series for which is obtained after the differentiation of the series (2.5) with respect to the parameter. If α = 0, then
The theorem of multiplication of the -operators defined by formula (2.7) allows one to resolve an integral equation, the kernel of which is an exponential function of any order, and in so doing, its resolvent will be, generally speaking, an exponential function of the same order. Namely, from (2.7) it follows that
For the operators of the zeroth order, the kernels of which are ordinary exponential functions, this result is evident. We note also that for α = −1/2 the kernel of the -operator can be expressed in terms of the probability integral
3.
As it has been noted above, integral equations with the zero-order exponential kernels are equivalent to the differential equations. In a similar way, an integral relationship with -operators of fractional order corresponds to a differential equation with fractional derivatives, which is resolved with the help of the -functions. However, we see a little reason for developing this point of view, since fractional derivatives of strains and stresses are lacking pictorial physical sense, and it is more convenient to carry out calculations directly by means of integral operators.
On the contrary, in many cases it is advantageous to go over from differential relationships to integral equations. Application of the Volterra principle and the algebra of operators [formula (2.7)] allow one to consider many of problems of mechanics of various media.
For describing inelastic phenomena in solids, the following equation is utilized:
If p is the greatest from the numbers n and m, then multiplying both sides of the above relationship by J * p
where A and B are polynomials. If n = m and the polynomials A and B do not possess multiple roots, then equation (3.2) could be resolved in σ and ε. For example, solving it with respect to σ, we expand the ratio of the two polynomials into simple fractions of the form A i /(1 − β i J * 0 ) and apply formula (2.3). As a result, we are led to the integral equation is not an integral one. For example, if m < n, then relationship (3.3) is kept valid, but it is impossible to express ε in terms of σ in a similar way. This follows from the fact that if m < n, the constant in equation (3. 3) is equal to zero, and the elastic operator in the right hand-side turns out to be degenerated in the sense that only its integral part remains unchanged.
Consider several examples of application of this procedure for different hypothetic media.
3.1. Visco-compressed body (Slezkin [7] ). The motion of a viscocompressed medium was described by Slezkin [7] by the following equations:
Here u, v, and w are the velocity components, and θ is the velocity of the bulk extension. Doing with the velocities in the same way as with the displacements, let us write Hooke's law (1.5) in terms of velocities, wherē
Slezkin [7] solved the problem about a disk submerged into a viscocompressible medium. Let us show how to apply the Volterra principle in this case. For this purpose, we take the known formula giving the value of deflection of a circular disk on an elastic half-space, substituting in it the displacement with the velocity v:
The problem is reduced to the calculation of the operator
Takingλ in the form of (3.4), we obtain
For a constant velocity v, we arrive at the Slezkin formula [7] 
Maxwell body
Multiplying by J * 0 yields
Rewriting this equation in the form of ordinary Hooke's law, we have
The operator in the right hand-side turns out to be degenerated, and its inversion is impossible.
3.4. Elastically-relaxed body (Ishlinskii [8] ). For describing the onedimensional deformation Ishlinskii [8] used the following equation:
The corresponding elastic operator is
Now we proceed to consider more complicated problems, when the features of a body are described by means of operators of fractional order α, and a problem of non-uniform stressed state is solved. In many practically important cases, the boundary conditions do not involve time, or a body is subject to time-independent loading (creep), or the level of the given strains is supported to retain unchanged (relaxation), or external elastic connection preserves the given relationship between the deformation and load (complex relaxation). In all these cases, the forces or deformations enter linearly in the solution, being multiplied by certain elastic operators expressed either in terms of the integral operators * α , or at least in terms of * 2 α . That is why all calculations require the tabulation of only one function, or of its derivative. Let us denote As an example, we will present calculations necessary for the analysis of a plate response under constant loading.
The expression for its deflection given by the elasticity theory formula always involves in the numerator the value of load and in the denominator the cylindrical rigidity, the expression of which contains a combination of elastic constants (1 − ν 2 )/E. The formula of hereditary elasticity contains the operator (1 −ν 2 )/Ē, which is multiplied by a constant. Hence, it is necessary to calculate the product 1 −ν 2 E · 1, and then to substitute this known function in time by means of combination of elastic constants (1 − ν 2 )/E in the ordinary solution.
As an example, let the operatorĒ is known:
. Ignoring the bulk after-effect, according to formula (1.7) we obtain
and after simple calculations based on formula (2.7) we find (3.9) If we do not neglect the bulk after-effect into account, then the operator ν will be expressed in terms of the -operator of another argument, and * 2 α will remain in the solution. The corresponding formula will contain the function Φ and its derivative.
